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Abstract. Description of two three-dimensional topological quantum field theories 
of Witten type as twisted supersymmetric theories is presented. Low-energy effective 
action and a corresponding topological invariant of three-dimensional manifolds are 
considered. 

I INTRODUCTION 

The aim of our work is to present a step made in the direction of understanding of 
three-dimensional (3d) topological quantum field theory (TQFT) in the spirit Wit- 
ten and Seiberg have done in the four- dimensional case. Actually, we will consider 
two "microscopic" 3d TQFT's and sketch their common low-energy consequences 
for topology of 3d manifolds. 

First of all, let us recall the milestones in the development of four- dimensional 
TQFT. In 1988, Witten proposed a description of Donaldson's theory ("topologi- 
cal" invariants of four- dimensional manifolds) in terms of an appropriately twisted 
Af = 2 SUSY SU(2) pure gauge theory [1]. But not so many mathematical con- 
sequences had followed from this approach until 1994 when Seiberg- Witten (SW) 
theory entered the scene. It has appeared that a newly-discovered dual descrip- 
tion of the M = 2 theory in low-energy limit [2] provides us a new, alternative 
(but essentially equivalent and simpler) formulation of "topological" invariants of 
four-dimensional manifolds [3]. 

In the first of our previous papers [4], a physical scenario has been proposed 
to reach our present goal using a geometric-topological construction with scalar 
curvature distribution "compatible" with surgery. Though the scalar curvature 
distribution used "agrees" with the surgery procedure, nevertheless it is unclear why 
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such a distribution should be privileged. In the second paper [5] , we have proposed 
a simpler and more natural mechanism without any reference to curvature. In fact, 
we have directly applied known results concerning low-energy limit of 3d Af = 4 
SUSY gauge theory [6]. 

II TOPOLOGICAL FIELD THEORY 

In 3d, we have the two important topological quantum field theories (of "coho- 
mological" type): topological SU(2) gauge theory of flat connection and 3d version 
of the (topological) SW theory. The former is a 3d twisted Af = 4 SUSY SU(2) 
pure gauge theory or a 3d version of the Donaldson- Witten (DW) theory, and "by 
definition" it describes the Casson invariant that appropriately counts the number 
of flat SU(2) connections [7] (see, Section A). The latter (3d SW) is a 3d twisted 
version of Af = 4 SUSY U(l) gauge theory with a matter hypermultiplet [2], [3] 
(see, Section B). It is interesting to note that the both theories can be derived from 
Ad Af = 2 SUSY SU(2) pure gauge theory corresponding via twist to DW theory. 

A Donaldson-Witten and Casson theory 

Let us consider first the usual Af = 2 supersymmetric SU(2) Yang-Mills theory 
in flat Euclidean space R 4 [8]. The Yang-Mills gauge field is embedded in the 
Af = 2 chiral multiplet A consisting of one Af = 1 chiral multiplet $ = (B, if a ) and 
one Af = 1 vector multiplet W a = (X a ,A^). 2 The Af = 2 chiral multiplet can be 
arranged in a diamond form, 

to exhibit the SU (2) 7 symmetry which acts on the rows. This theory is described 
by the action 

S = j RA d A xTi + DpBDpB + ±[B, B] 2 - X^D^Xj + 

~ -^Beij[X\X j \ + -^=Be ij [Xi, Xj]j , (1) 

2 ) We will use the conventions of Wess and Bagger [8]. For instance, doublets of the SU(2) L (or 
SU(2)^) rotation symmetries are represented by spinor indices a, (5, . . . = 1, 2 (or a,/3,... — 1,2). 
Doublets of the internal SU(2) J symmetry will be denoted by indices — 1, 2. These indices 

are raised and lowered with the antisymmetric tensor e a jj (or s & a, Sij) with sign convention such 
that e 12 = 1 = e 21 . Tangent vector indices are denoted as fi, v, . . . = 1, ... ,4. The spinor and 
tangent vector indices are related with the tensors cr^p = (— 1, — «r a ), o-JJ' 3 = (— l,?r a ) described 
in the Appendices A and B of [8] by letting i]^ — ► — <5 M „ and e^ l/pa — ► —ie^pa with £1234 = 1. 
Covariant derivatives are defined by D^B = d^B — [A^, B], and the Yang-Mills field strength is 
F[tv = dpAp — d v A^ — [A/j,, A v \. 



where \ a l = (X a ,^ a ). 

Now we will construct twisted TQFT. The rotation group K in four-dimensional 
Euclidean space is locally SU(2) L x SU(2) R . In addition, the connected component 
of the global symmetry group of the M = 2 theory is SU(2) 7 . The theory, when 
formulated on a flat R 4 , therefore has a global symmetry group [9] 

H = SU(2) L x SU(2) i? x SU(2) 7 . 

Let 811(2)^, be a diagonal subgroup of 811(2)^ x SU(2) 7 obtained by sending SU(2) 7 
index to dotted index "d" , and let 

K' = SU(2) L x SU(2) fl ,. 

Then, the transformations of the fields under SU(2) L x SU(2) H , are 

A ■ ■ (- - o) >■ A ■ • (- - 

Xm '- G' '^) ^ A ^ : (2' 2j' 
hi' (0,^) —A^: (0,0)0(0,1), 
B : (0,0,0) — > B : (0,0). 

And, we decompose the gaugino doublet \ a l into K' irreducible representations as 
[10]: 

h$ = ^ (vd/sx^ + £ a?v) ■ (2) 

Substituting (2) into the Lagrangian (1), we have 

S= [ d L x{C 1 + C 2 + C 3 ), (3) 
Jr 4 

where 

A = Tr (^F^F^ - x^v {D^u ~ A,V>i) + -j=B X^}j , 
£2 = Tr (-vD^ + D,BD,B - -j=B W>) » 
A = Tr^[B,B] 2 + -^SK^. 
Thus, we have obtained a TQFT — Donaldson- Witten theory. 



Now we simply assume all the fields to be independent of the fourth coordi- 
nate and discard all mention of the fourth coordinate from the Lagrangian. The 
dimensionally reduced version of (3) is 

s = J RS d3xTT \^F mn F mn + ^D m <pD m ip + 2xm [<p, ip m ] - 2uD m x m + 

M 

~ 2e mnk XkDm^n + {Xm, Xm} + Vl4>, ^] - V D m1pm + (4) 

+ D m BD m B + [<p, B] [<p, B] - -j=B {ifj m , ifj m } - -j=B {uj, u} + 

+ ^[B,B] 2 + ^=B{r ] ,r ] }y 

We can obtain a supersymmetric action in three dimensions from (1) by the 
process of dimensional reduction, 

S = J Ri d 3 xTr \^F mn F mn + ^D m <pD m <p + D m BD m B + 

+ [<p, B}[cp, B] + Bf - i\ a( ,o%D m ^ + (5) 

+ \ Pa ] - -^Be tJ [X\ X j ] + -^=Be ij [\i, A,]| . 

And then substituting the above-mentioned twist 

Kp = -j= {^icfkcxpXk + e a prj) , (6) 

into the action (5) we get the same action (4). 

Dropping fermions and topologically trivial bosons in equation (5) we obtain 

S / d x^T ( ~F mn F mn 

It is a part of the bosonic action, with the absolute minima equation, 

F a = 

corresponding to the Casson invariant of 3d manifolds [7]. 



B Seiberg-Witten theory 



We start again from the M = 2 SUSY SU(2) Yang-Mills theory. We recall that 
the moduli space of the M = 2 SUSY SU(2) Yang-Mills theory [2] contains two 



singular points. At these points the low energy effective theory is Af = 2 SUSY 
U(l) theory coupled to an additional massless matter (monopoles or dyons) in the 
form of the M = 2 hypermultiplet (sometimes called the scalar multiplet): 3 

IpA 

A Al 

A 

The action of an M = 2 supersymmetric abelian gauge theory coupled to a massless 
hypermultiplet is given by 

S = J r4 d A x^-F, v F, v + d^B - Xai^d^Xj + D^D.A, + 

+ UtiAi) 2 + i^D^ + iV2A%i(> - i^X'Ai - 4>(B - lr> B)ij + (7) 
-A l (B 2 + B 2 )Ai}. 

We know that the twist consists of considering as the rotation group the group, 
K' = SU(2) L x 811(2)^, and this implies that the hypermultiplet field content is 
modified as follows: 



A 1 : (0,0,£) ^M«: Q,0 



~^u a : Q,0) 

4 = (o,0,i) — >M 4 : (i 0,, 
fo,i — >«d: fo,-), 



2' y V 2 

1 \ /l 



(^2'°'°; U' ;- 

Substituting equation (2) into the action (7) and taking into account that field 
content we get the following twisted euclidean action (compare to [11]) 

S = J r4 d^x j^i^, + d^Bd^B - 2 X ^d^„ - rjd^ + D^M d D^ + 

+ Um^Mo) 2 - i (M^ a pu a - v a ifj ap M^ + ir) (u°M« - M?v p ) + (8) 



2 

+ ix^(M"v^ - u"MP) - B 2 M° L M dl - B 2 M A M & + v a Bu a + 
- Bv a u a - Bu^ - Bu & v & + iv a D a ^ + iu & D a& u a } . 



3 ) Here the low energy fields are: the vector multiplet (gauge field A^, SU(2) 7 doublet of fermions 
A Q and ip a , a complex scalar B) and the hypermultiplet (consisting of two Weyl fermions ipA and 
and complex bosons A and A^). 



The dimensionally reduced version of (8) is 

S = f d 3 x V-F mn F mn + \d m tpd m tp + d m Bd m B - 2e mnk Xkd m ipn + 

- 2ud mX m ~ vdmAn + D rn M a D rn M a + [(p, M a }{<p, M a ] + 

+ -(M a M a ) 2 + iu (MPup - v a M a ) + v a i) aP M 13 - M^ a(3 u a + 

+ it] (u a M a - Af%) + 2 Xa (s (u a M p - M a v p ) - B 2 M a M a + 

- B 2 M a M a + Bv a u a - Bv a u a - Bu a v a - Bu a v a + v a D a ^ + 
+ u^D aP u a + iv a [ip, v a ] + iu a [ip, u a ]} . 

As a result of the dimensional reduction of (7) we get 

S = J d 3 x \^F mn F rnn + ^d m (pd m (p + d m Bd m B - i\ ai a^ d m \p + 

+ D m A l D m Ai + [tp, Afc A t ] + ^(A*A t ) 2 - A\B 2 + B 2 )A t + 

+ iV^A'X^A - i^AcX % A l - iV^A'X^ + %^\\ m A l + 
+ B^ Aa - B^ Aa - B^ A J\ - B^Aodt + i>\D a ^\ + 
+ ^ A D a ^ a A + i^[ip, i, Aa ] + i$%[<p, ifj Aa ]} . 

Using the twist 

= {2ia ka pXk + £ a /3V) > 

A i -> M a , 

ip Aa > u a , 

i>_Aa 

Ai -> M a , 
ip Aa > u a , 

we get the action (9). 

Dropping fermions and topologically trivial bosons we obtain 

S = J r3 d 3 x {^F mn F mn + ^(A l A t ) 2 + D m AD m A^ ■ 

It is a part of the bosonic matter action. 



Ill LOW-ENERGY CONSEQUENCES 



Interestingly, it follows from [6] that low-energy effective theory for both 3d 
Af = 4 SUSY SU(2) case as well as for the 3d Af = 4 SUSY abelian one with 
matter hypermultiplet is pure gauge abelian, and the moduli spaces are smooth. 
More precisely, we have the so-called Atiyah-Hitchin manifold (interpreted as the 
two-monopole moduli space), a complete hyper-Kahler manifold, in the first case, 
and the Taub-NUT manifold, in the second one. 

3d Af = 4 supersymmetric abelian gauge theory is described by the following 
action 4 



Fmn Finn + ^d m (fd m ip + d m Bd m B + 



- i \ m a^d m \^- 1 -(G) 2 y (12) 

Introducing infinitesimal parameters £ Q l and £ ai , the supersymmetry transforma- 
tions are given by 

SA m = fXaia^tf - iUa^Xfj, 
5B = -yfteijSTXj, 

5B = -V2e ij tf\ aj , (13) 

5\a = —-ZmnkVkofipFmn — iV2e %j a ma ^j 8 m B + 
$X a i i\f^£ij(T ma p^^ d m B + —£ r nnk < 3'ka^£,fliFmn ~l~ 

Using the equations of motion for all the fields one can easily show that this action 
is invariant under the supersymmetric transformations (13). Taking into account 
the following substitution 

1 

X a /3 = {^iakapXk + £a/3V) ) 

and knowing the auxiliary field G transforms in the (1, 0) representation (and hence 
becomes a vector Hk), we get the following 3d twisted version of the action (12) 



4 ) G is an auxiliary field. 



+ ^d m (pd m ip + d m Bd m B + 2e mnk if; n d rn Xk + 

- 2ujd rn Xm ~ T]drnAn ~ 2H k H k ) . (14) 

The topological BRST transformation 5 B induced by the M = 4 supertransforma- 
tions is found by putting f = 0, £ = £ -^f, which reads 5 = -p ■ S B . 5 The BRST 
transformations are 

5 B A m = ip m , 
SbV = —w, 

S B B = 5 B u = 5 B r] = 0, 

5 B B = -V2 V , (15) 

S B ip m = -V2d m B, 
1 1 

1 1 

These BRST transformations are off-shell nilpotent up to a gauge transformation 
S B = — v^gauge; e.g., S B A m = —\[2d m B. The action (14) is also nilpotent but on- 
shell. 

Confining ourselves to the contribution of the Coulomb branch coming from 
abelian flat connections on the 3d manifold M 3 we should consider a mathematical 
object akin to the Casson invariant. We have argued in [4] that such an object 
should count (algebraically) the number of abelian flat connection on a cover of 
Ai 3 . If Ai 3 arises from S 3 via 0-framed surgery on a knot [12] the 3d invariant is 
directly related to the Alexander invariant of M 3 [13]. 



IV CONCLUSIONS 

In this paper, we have indicated that both 3d TQFT of SU(2) flat connection as 
well as 3d version of topological SW theory can be described in low-energy regime 
by the Alexander invariant. In a future work, it will be necessary to improve the 
analysis to include all contribution coming from the Coulomb branch. 
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